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Abstract
We study the dynamics of two interacting two-level systems (qubits) having one of them isolated
and the other coupled to a single mode electromagnetic field in a thermal state. The field plays the role
of a small environment, in contrast to the usual approach of modeling an environment via a thermal
reservoir with many degrees of freedom. We find the analytical solution of the proposed model, which
allows us to investigate the consequences of the coupling to the small environment on characteristic
quantum features of the two-qubit system. We study the time evolution of quantum entanglement
and coherence, verifying the dependence on the relevant coupling constants as well as the influence
of the effective temperature of the environment. Interestingly, we find that both sudden death and
sudden birth of entanglement may occur in such a simple system. We also discuss a different partition,
in which the isolated qubit is considered to be coupled to a composite environment, constituted by
the other qubit plus the field mode.
1 Introduction
A system constituted by two interacting qubits is one of the simplest quantum systems displaying joint
nonclassical features such as entanglement. It is also well know that the coupling to a surrounding
environment may affect such properties in a destructive way, e.g., causing decoherence [1]. Environments
are normally modeled by a thermal reservoir, namely, a large number of quantum subsystems that are
assumed to be coupled to the system of interest. In recent years, there has been renewed interest in
the issue of derivation of appropriate master equations describing the dynamics of quantum coupled
systems interacting with thermal baths [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. A matter of concern is that,
for a composite quantum system and a given system-bath interaction Hamiltonian, the corresponding
master equation may be not unique. As a consequence, it is likely to obtain different results regarding
the evolution of the system, as the master equation may be derived by taking into account (or not) the
interaction among the subsystems. If such an interaction is somehow included, we have the so-called
global (microscopic) model; otherwise the model is named local (phenomenological). Indeed, as it was
already found in early works [14, 15], discrepancies could arise in the case of having strongly coupled
subsystems interacting with thermal baths. Nevertheless, as it has been recently pointed out, differences
may also occur in the weak coupling regime [5, 16], particularly if the bath is at finite temperature.
It is worth noting that the additivity assumption of Lindblad terms in master equations has also been
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questioned in both the local approach as well as in the global approach, as discussed in [9]. Nevertheless,
we have witnessed a predominant use of local master equations without much discussion about their
validity. Yet, given the recent progress towards quantum technologies [17, 18], it is of importance an
accurate description of the environmental influences on quantum systems, which means that one has to
be sure that appropriate master equations are being employed. We thus believe there is need of further
work on this particular theme. At the same time, we have been witnessing an increasing control over
elementary quantum systems which may be subjected to environments having a small number of degrees
of freedom (small environments). In fact, even a single uncontrollable subsystem coupled to the system
of interest may cause a considerable disturbance. As examples of possible minimal environments, we
may cite spins [19, 20], a single two level system [21, 22, 23] and one or two modes of the quantized
electromagnetic field [24, 25, 26, 27]. In summary, we may be facing multiple challenges regarding the
study of coupled quantum systems immersed in environments that might also be of different sizes, and in
which the perturbative methods normally employed, e.g., local approaches, may not be applicable. Thus,
simple models could be useful to achieve a deeper understanding of the behaviour of such elementary
systems.
In this contribution we are going to discuss a basic model which is related to the two-qubit
system in interaction with a thermal bath already studied in reference [5]. Consider two coupled two-
level systems (qubits), being one isolated (qubit 1) and the other (qubit 2) interacting with a single
mode thermal electromagnetic field, which will be playing the role of an (minimum) environment in
place of a (multimode) thermal bath. We will investigate the dynamics and quantum properties of the
two-qubit system for different effective temperatures of the field, as well as different system-environment
coupling strengths (g). The model considered here admits analytical solution under the rotating wave
approximation, and we may explore a wider range of values of g, in contrast to the inherent limitations
of the (Markovian) master equations [5], valid only in the weak (system-environment) coupling regime.
Even though it is not our aim to mimic the action of a large reservoir using such a simple model, we
could still make comparisons between some typical results from master equation-based methods and our
simplified model. Yet, we would like to verify to what extent a small environment of that kind is able to
degrade the quantum properties of the two-qubit system. In order to accomplish that, we are going to
investigate the evolution of quantities that characterize nonclassical behaviour of the two-qubit system,
such as entanglement and quantum coherence. We will also discuss the evolution of the state purity (linear
entropy) of qubit 1 as if it were coupled to a “small composite environment”, constituted by qubit 2 and
the field mode. Unfortunately, quantum entanglement, a fundamental non-classical phenomenon and an
important resource for quantum technologies, is quite fragile in the presence of external environments.
For instance, considering a two-qubit system, entanglement may suddendly disappear in a finite time
due to spontaneous emission, a process known as “entanglement sudden death” (ESD) [28, 29]. Several
interesting aspects of ESD have been uncovered in the past years. For example, while entanglement may
remain null for a time interval during the evolution of a quantum system, it may suddendly revive, which
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is known as “entanglement sudden birth” (ESB) [30, 31]. In [31] the authors consider a single mode cavity
coupled to a multimode reservoir, in such a way that the cavity-reservoir system behaves, for specific
initial conditions, as an effective two-qubit system. They study how entanglement is distributed in a
system of two-cavities initially entangled (one photon each) plus two reservoirs in their vacuum states
and demonstrate the ocurrence of ESB. Sudden-changes in multipartite entanglement are also investigated
in [32]. Both ESD and ESB have already been experimentally verified [33, 34], and general conditions for
the appearence of ESD in two-qubit systems coupled to thermal reservoirs have been discussed [35, 36].
We remark that ESD is normally associated to a damping processes, that may be dissipative or not
(e.g., non-dissipative dephasing noise) [28, 31, 32, 37]. Curiously, ESD also occurs in a (non-interacting)
two-qubit system having each qubit coupled solely to a single mode field within a lossless cavity [38], i.e.,
without being in contact with a large number of sub-systems (multimode thermal reservoir). Naturally,
in that case, as discussed in [38], the typical time intervals in which the system is unentangled are
relatively short, and the entanglement births are periodic. If we now consider two completely isolated
coupled qubits (absence of an environment), an entanglement quantifier e.g., the Concurrence relative
to the two-qubit state will be simply a periodic function of time. Of course disturbances to such a
regular evolution are expected if the system is interacting with an external reservoir. As it is reported
in [5], in the case of a multimode thermal bath, ESD may occur during the evolution, even though the
steady state of the two-qubit system might exhibit some amount of entanglement. Here our purpose is to
provide novel insights about the dynamics of quantum coupled systems subjected to an environment via
a simple model which allows analytical solution. Our model of two coupled qubits in contact with a single
system reservoir which can be in a highly mixed state is in contrast to previous studies that typically
consider two uncoupled subsystems (normally prepared in an entangled state) under the influence of
either multimode [28, 31] or single mode [38] environments. A preliminary study [39] showed that ESD
may also occur in our simple two (coupled) qubit model. Yet, despite of all studies about ESD done in the
past years, we believe this subject deserves further investigation, taking into account different scenarios,
as the emergence of ESD during the evolution of coupled quantum systems may have a significant impact
on the development of quantum technologies.
Our paper is organized as follows: in Section (2) we obtain the analytical solution of the
model. In Section (3) we investigate the influence of the thermal field on the evolution of the qubit-qubit
entanglement. In Section (4) we discuss the evolution of quantum coherence of the two-qubit state as
well as the evolution of the isolated qubit, considering a “composite reservoir” constituted by qubit 2 and
the thermal field. We present our conclusions in Section (5).
2 The model
The system we are going to discuss here consists of two 2-level atoms (qubits) plus a mode of the quantized
field. The qubits are themselves coupled (via dipole-dipole interaction), while only one of them (qubit 2)
is coupled to a single mode field (via Jaynes-Cummings interaction). We assume equal qubit’s transition
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frequencies (ω1 = ω2) as well as resonance between qubit 2 and the field (ω2 = ω). The Hamiltonian H
of the system may be written as (in units of h¯) H = H0 +H1, with
H0 =
ω
2
σ1z +
ω
2
σ2z + ωa
†a, (1)
and
H1 = λ
(
σ+1 σ
−
2 + σ
−
1 σ
+
2
)
+ g
(
aσ+2 + a
†σ−2
)
. (2)
Here σiz = |ei〉 〈ei| − |gi〉 〈gi|, σ+i = |ei〉 〈gi|, and σ−i = |gi〉 〈ei| are the operator relative to
the qubits (i = 1, 2), and a and a† are the usual annihilation and creation field operators. The effective
coupling constant between the two qubits is denoted by λ and g is the coupling constant between qubit 2
and the field (small environment). In Appendix A one may find details of the solution for ρI(t) [see Eq.
(29)], the time-evolved joint density operator in the interaction representation,
ρI (t) = e
−iH1tρ (0) eiH1t, (3)
with an initial separable density operator given by ρ (0) = ρq1 (0)⊗ ρq2 (0)⊗ ρf (0), or
ρ (0) = |e1〉 〈e1| ⊗ |g2〉 〈g2| ⊗
∞∑
n=0
Pn |n〉 〈n| ≡
∞∑
n=0
Pn |e1, g2, n〉 〈e1, g2, n| . (4)
Here
Pn =
nn
(1 + n)
n+1 (5)
is the photon number distribution of the single mode thermal field state (frequency ω) with mean photon
number n = [exp(ω/kBT )−1]−1 (effective temperature T ). The time evolved two-qubit density operator
may be calculated by tracing over the field variables, i.e., ρq1,q2 (t) = Trf [ρI (t)], as shown in Appendix
A [see Eq.(31)].
3 Influence of a small thermal environment: two-qubit entan-
glement
The qubit-qubit interaction naturally leads to bipartite entanglement. One of the possible ways of
quantifying the two-qubit entanglement is via a function such as the Concurrence C [40]. In our model
involving two qubits, we may compute C(t), the Concurrence as a function of time, as follows
C(t) = max [0,Λ (t)] , (6)
with
Λ (t) ≡
√
ξ1 (t)−
√
ξ2 (t)−
√
ξ3 (t)−
√
ξ4 (t) . (7)
The quantities ξi are the eigenvalues of the matrix M (t) = ρq1,q2 (t)
(
σ
(1)
y ⊗ σ(2)y
)
ρ∗q1,q2 (t)
(
σ
(1)
y ⊗ σ(2)y
)
which should be placed in decreasing order, and σy is Pauli’s matrix.
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The two-qubit density operator ρq1,q2 (t) calculated in Appendix A [see Equation(31)] clearly
belongs to the peculiar class of bipartite states called X states [41], i.e.,
ρq1,q2 (t) =

ρ11 0 0 0
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
0 0 0 ρ44
 , (8)
where
ρ11 =
∞∑
n=0
Pn+1 |C1, n+1|2 ; ρ22 =
∞∑
n=0
Pn |C2, n|2 , (9)
ρ23 =
∞∑
n=0
PnC2, nC
∗
3, n ; ρ
∗
23 =
∞∑
n=0
PnC
∗
2, nC3, n (10)
ρ33 =
∞∑
n=0
Pn |C3, n|2 ; ρ44 =
∞∑
n=0
Pn−1 |C4, n−1|2 . (11)
Again, the expression for the coefficients Cj,n may be found in Appendix A. The X states may
arise in a variety of situations involving the quantum dynamics of two qubit systems, normally when a
partial trace is taken over a third subsystem (often a reservoir) [24, 28, 31, 32, 42, 41]. In particular,
concerning such states, it is straightforward to obtain a compact expression for the Concurrence [41]. In
our case, the function Λ (t) is given by
Λ (t) = 2 |ρ23| − 2√ρ11ρ44. (12)
The Concurrence C(t) is a periodic function of time for a completely isolated two-qubit system
(g = 0.0), and thus the destructive action of an environment may be estimated by observing the shortening
of the amplitude of the oscillations during the evolution. Let us first consider qubit 2 weakly coupled to the
field (g = 0.1λ); we expect some disturbance even for relatively small excitations of the environment (e.g.
n = 1). In order to verify the effect of the environment, we have numerically evaluated the Concurrence,
which is plotted as a function of time in Figure (1) for two values of the field mean excitation number:
n = 1 in Figure (1;a,b,c), and n = 10 in Figure (1;d,e,f). In all plots we adopt the normalization
λ = 10.0. We note in Figure (1;a,b,c) that the amplitude of the oscillations decrease steadily, although at
later times occur periodic revivals. As one would expect, for larger values of n, a stronger degradation of
entanglement is verified: if n = 10, the nearly periodic revivals are considerably more attenuated as shown
in Figure (1;d,e,f), in contrast to the case in which n = 1 [see Figure (1;a,b,c)]. An interesting aspect of
this model is that the phenomenon of ESD occurs during the evolution. This is already noticeable in the
weaker coupling case, i.e., the Concurrence becomes zero during short time intervals, as shown in Figure
(1;d), for instance. Naturally the ESD is expected to be more evident for a stronger system-environment
coupling. If g is increased to g = 0.5λ (but still keeping g smaller than λ), a typical pattern of rapid
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entanglement death and birth is observed, even for small excitation number, as we see in Figure (2;a,b,c).
Yet, the time intervals having null entanglement are longer, and although there are sudden-births of
entanglement during the evolution, the maximum values of the Concurrence are in average lower than
those for g = 0.1λ. Of course an even more destructive action of the thermal noise occurs if n is increased.
As a matter of fact, entanglement is almost completely washed out, and no births are verified at longer
time-scales if n = 10 [see Figure (2;d,e,f)].
An alternative way of assessing the existence of ESD [43] is via the function Λ(t) defined above,
a quantifier of the two-qubit state separability [see Eq. (12)]. If Λ becomes negative, the corresponding
density operator ρq1,q2 describes a mixed separable state, and thus null entanglement is detected. We
have plotted the function Λ(t) as a function of time, for g = 0.1λ in Figure (3) and for g = 0.5λ in Figure
(4). In particular, the negativity of the Λ function makes evident that the suppression of entanglement
may persist for long time intervals, as shown in Figure (4;f). Also, it is possible to estimate, at particular
times, if the two-qubit state is close or not of becoming entangled, depending on the amount negativity
in the Λ function.
4 Influence of a small thermal environment: two-qubit quantum
coherence and state purity of the isolated qubit
4.1 Quantum coherence
Quantum coherence, a fundamental concept in quantum theory, has been the object of discussions in the
recent literature [44, 45]. As a matter of fact, quantum coherence is a resource that may be quantified
[44], in analogy to what has been already done regarding quantum entanglement. A simple and direct
measure of coherence is given by the quantifier Cl1 (l1 norm of coherence), defined as
Cl1 =
∑
i,j,i 6=j
|ρij | =
∣∣∣∣∣
∞∑
n=0
Pn C2, nC
∗
3, n
∣∣∣∣∣+
∣∣∣∣∣
∞∑
n=0
Pn C
∗
2, nC3, n
∣∣∣∣∣ , (13)
where ρij ≡ 〈i|ρq1,q2|j〉 are the matrix elements of the two-qubit density operator. In what follows we
are going to analyze the influence of the small thermal environment on the quantum coherence of the
two-qubit system.
Our expectation is that the thermal environment will degrade quantum coherence. Indeed, as
shown in Figure (5), we observe the transition from a perfectly periodic to a more irregular behaviour.
For instance, for a weaker coupling (g = 0.1λ), the time evolution of coherence is very similar to the
evolution of entanglement (Concurrence), as shown in Figure (5;a,b,c). If the qubit 2-field coupling is
increased (g = 0.5λ), we observe an overall stronger degradation of quantum coherence, characterized by
irregular (and damped) oscillations, as seen in Figure (6). Nevertheless, differently from what happens
to quantum entanglement, the vanishing of quantum coherence in a finite time is not verified during the
evolution.
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4.2 Purity of the qubit 1: linear entropy
Now we would like to discuss the influence of the environment on the (reduced) dynamics of qubit 1.
From the system’s density operator ρI(t), we calculate the reduced density operator of qubit 1 by tracing
over the field and qubit 2, i.e., ρq1(t) = Trq2,f [ρI(t)]. Note that everything goes as if qubit 1 was coupled
to a “composite bath”, constituted by the field and qubit 2. In order to characterize the purity of the
qubit 1 state we use the linear entropy, defined as S (t) = 1 − Trq1
(
ρ2q1
)
. In this case the entropy may
be written as S (t) = 1 − ρ2ee − ρ2gg, and after some algebra one is able to express S(t) as a function of
the inversion W (t) = ρee (t)− ρgg (t) = 1− 2ρgg (t), or
S (t) =
1
2
− W (t)
2
2
. (14)
Using the matrix element ρgg calculated in the Appendix, we obtain the inversion,
W (t) = 1− 2
∞∑
n=0
Pn
[∣∣∣A(n)32 ∣∣∣2 + ∣∣∣A(n)42 ∣∣∣2]
= 1− 2
k2
∞∑
n=0
Pn
β2n
{
1 + (4n+ 3) k2
2k2
+
[
(1− βn) k2 − 1
4k2
]
cos(2ω+,nt) +
[
(1 + βn) k
2 − 1
4k2
]
cos(2ω−,nt)−[
n+ 1−
√
n (n+ 1)
]
cos [(ω+,n + ω−,n) t]−
[
n+ 1 +
√
n (n+ 1)
]
cos [(ω+,n − ω−,n) t]
}
. (15)
The expression for the quantities (ω± and βn) in Equation (15) above may be found in the
Appendix. We remark that the parameter k is the ratio between the qubit 2-field (environment) coupling
and the qubit 1-qubit 2 coupling, i.e., k ≡ g/λ.
The purity of qubit 1 in the absence of an environment is a periodic function of time, as initially
independent qubits periodically get entangled and disentangled as time goes on. We have numerically
evaluated the linear entropy of qubit 1, S(t), which is plotted as a function of time in Figure (7), for two
values of the field mean excitation number: n = 1 in Figure (7;a,b,c), and n = 10 in Figure (7;d,e,f).
Note that as we increase n, there is a higher degradation of qubit 1’s purity, as expected. Besides, for
larger n the quasi-revivals are also less defined (within the time window considered).
We also analyze the situation of stronger coupling to the field, e.g., for g = 0.5λ, which is
shown in Figure (8). We note a different pattern compared to the former case (weaker coupling): besides
revealing a more irregular evolution, it is clear the drifting of qubit 1 towards a less pure state, specially
for larger n [see Figure (8;d,e,f)]. We would like to point out a peculiar behaviour of the entropy in this
case. We note that the slope of S(t) (for short times) is less steep for n = 10 [Figure (8d)] than for
n = 1 [Figure (8a)]. This happens because in the beginning of the evolution the interaction between
qubits leads to qubit-qubit entanglement (and consequently to mixedness). Yet, the noise from the small
environment gradually comes into play, taking the state of qubit 2 to a statistical mixture of ground and
excited states. This momentarily reduces the capability of entanglement between the sub-systems, as one
of the component states in the mixture is an eigenstate of the Hamiltonian. However, as time goes on,
the action of the noisy system (field) prevails, progressively leading qubit 1 to a less and less pure state.
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5 Conclusions
We have studied a simple toy-model of a composite (two-qubit) system in interaction with a very small
environment, namely a single mode thermal field. We wanted to assess how damaging the action of a
small non-dissipative environment can be to the quantum properties of the two-qubit system, in contrast
to the usually adopted master-equation-based approach, in which the system is assumed to be coupled
to a large dissipative environment, e.g., a multimode thermal bath [5]. Despite the smallness of the
environment we are here considering, due to the spread in excitation number of the thermal state, the
resulting incommensurate frequencies may give rise to an irreversible-like behaviour. One advantage
of a simplified approach is that the model admits analytical solution, and there is no need of further
approximations such as perturbation theory, for instance. Thus, we may “tune” the coupling constants
and have a broader picture of the environment’s impact on the dynamics of the system. Needless to
say that maximally entangled states periodically arise in the two-qubit system if the coupled qubits are
isolated. Interestingly, we have found that the interaction with a minimal environment can give rise to
the “sudden-death of entanglement” phenomenon [28, 29]. Entanglement births [30, 31] also take place,
and the length of the time intervals having null entanglement strongly depends on the couplings as well
as on the mean photon number of the thermal environment. Other nonclassical features, viz., the state
purity of qubit 1 and the quantum coherence of the two-qubit system, may also be considerably degraded,
even though an effect analogous to a sudden death does not take place in those cases.
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A Solution of the model: two coupled qubits interacting with a
single mode field
We may expand the system’s state vector (interaction picture) as:
|ψI(t)〉 = C1,n (t) |e1, e2, n− 1〉+ C2,n (t) |e1, g2, n〉+ C3,n (t) |g1, e2, n〉+ C4,n (t) |g1, g2, n+ 1〉 . (16)
After substituting the ansatz above in the Schro¨dinger equation, we obtain the following system of coupled
differential equations for the coefficients Cj ,
i C˙1,n = g
√
nC2,n
8
i C˙2,n = g
√
nC1,n + λC3,n
(17)
i C˙3,n = λC2,n + g
√
n+ 1C4,n
i C˙4,n = g
√
n+ 1C3,n .
The solution of the system (17) may be expressed as
Cj,n (t) =
4∑
m=1
A
(n)
jm (t) cm (0) , (18)
with j = 1, 2, 3, 4 and A
(n)
jm = A
(n)
mj . The (n) in the matrix elements refers to the dimensionality of the
Fock state basis, n = 0, 1, 2, . . .
The relevant matrix elements in Equation (18) are given by
A
(n)
11 (t) =
1
rn
[(
ω2+,n − b2n − λ2
)
cos(ω+,nt)−
(
ω2−,n − b2n − λ2
)
cos(ω−,nt)
]
A
(n)
12 (t) =
i an
rn
[(
b2n − ω2+,n
)
ω+,n
sin(ω+,nt)−
(
b2n − ω2−,n
)
ω−,n
sin(ω−,nt)
]
A
(n)
13 (t) =
λ an
rn
[cos(ω+,nt)− cos(ω−,nt)]
A
(n)
14 (t) = −
i λanbn
rn
[
sin(ω+,nt)
ω+,n
− sin(ω−,nt)
ω−,n
]
A
(n)
22 (t) =
1
rn
[(
ω2+,n − b2n
)
cos(ω+,nt)−
(
ω2−,n − b2n
)
cos(ω−,nt)
]
(19)
A
(n)
23 (t) = −
i λ
rn
[ω+,n sin(ω+,nt)− ω−,n sin(ω−,nt)]
A
(n)
24 (t) =
λ bn
rn
[cos(ω+,nt)− cos(ω−,nt)]
A
(n)
33 (t) =
1
rn
[(
ω2+,n − a2n
)
cos(ω+,nt)−
(
ω2−,n − a2n
)
cos(ω−,nt)
]
A
(n)
34 (t) =
i bn
rn
[(
a2n − ω2+,n
)
ω+,n
sin(ω+,nt)−
(
a2n − ω2−,n
)
ω−,n
sin(ω−,nt)
]
A
(n)
44 (t) =
1
rn
[(
ω2+,n − a2n − λ2
)
cos(ω+,nt)−
(
ω2−,n − a2n − λ2
)
cos(ω−,nt)
]
,
with
an = g
√
n , bn = g
√
n+ 1 , (20)
rn =
√
(g2 + λ2)
2
+ 4ng2λ2 , (21)
ω±,n =
1√
2
√
(2n+ 1) g2 + λ2 ±
√
(g2 + λ2)
2
+ 4ng2λ2 . (22)
We may define the ratio of the qubit 1-qubit 2 coupling to the qubit 2-field as k ≡ g/λ, and
rewrite (21) and (22) in terms of k
rn = λ
2
√
(1 + k2)
2
+ 4nk2 , (23)
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ω±,n =
λ√
2
√
1 + (2n+ 1) k2 ±
√
(1 + k2)
2
+ 4nk2 . (24)
If we also define the auxiliary parameters
αn = 1 + (2n+ 1) k
2 , (25)
and
βn =
√
(1 + k2)
2
+ 4nk2 , (26)
the characteristic frequencies may be expressed as
ω±,n =
λ√
2
√
αn ± βn . (27)
For the specific initial condition |ψ(0)〉 = |e1, g2, n〉, we have that c1 (0) = 0, c2 (0) = 1,
c3 (0) = 0 and c4 (0) = 0, so that the amplitudes Cj,n become
C1,n (t) = A
(n)
12 (t) , C2,n (t) = A
(n)
22 (t) , C3,n (t) = A
(n)
23 (t) , C4,n (t) = A
(n)
24 (t) . (28)
Thus the system’s joint density operator may be expressed as:
ρI (t) =
∞∑
n=0
Pn [C1,n (t) |e1, e2, n− 1〉+ C2,n (t) |e1, g2, n〉+ C3,n (t) |g1, e2, n〉+ C4,n (t) |g1, g2, n+ 1〉]×[
C∗1,n (t) 〈e1, e2, n− 1|+ C∗2,n (t) 〈e1, g2, n|+ C∗3,n (t) 〈g1, e2, n|+ C∗4,n (t) 〈g1, g2, n+ 1|
]
. (29)
After tracing over the field, we obtain the following two-qubit system density operator
ρq1,q2 (t) = Trf [ρI (t)] , (30)
ρq1,q2 (t) =
∞∑
n=0
Pn+1 |C1, n+1|2 |e1, e2〉 〈e1, e2|+
∞∑
n=0
Pn |C2, n|2 |e1, g2〉 〈e1, g2|+
∞∑
n=0
Pn |C3, n|2 |g1, e2〉 〈g1, e2|+
∞∑
n=0
Pn−1 |C4, n−1|2 |g1, g2〉 〈g1, g2|+
∞∑
n=0
Pn C2, nC
∗
3, n |e1, g2〉 〈g1, e2|+
∞∑
n=0
Pn C
∗
2, nC3, n |g1, e2〉 〈e1, g2| . (31)
The density operator for qubit 1 is obtained after tracing over qubit 2, ρq1 (t) = Trq2 [ρq1,q2 (t)],
resulting in
ρq1 (t) = ρee (t) |e1〉 〈e1|+ ρgg (t) |g1〉 〈g1| , (32)
where
ρee (t) =
∞∑
n=0
Pn+1 |C1, n+1|2 +
∞∑
n=0
Pn |C2, n|2 , (33)
and
ρgg (t) =
∞∑
n=0
Pn |C3, n|2 +
∞∑
n=0
Pn−1 |C4, n−1|2 . (34)
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Figure 1: Concurrence of the two-qubit system as a function of time for g = 0.1λ and for different time-
scales. The mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and (f).
The initial state is ρ (0) = |e1〉 〈e1| ⊗ |g2〉 〈g2| ⊗
∑∞
n=0 Pn |n〉 〈n|.
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Figure 2: Concurrence of the two-qubit system as a function of time for g = 0.5λ and for different time-
scales. The mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and (f).
The initial state is the same as in Figure (1).
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Figure 3: The Λ function of the two-qubit system as a function of time for g = 0.1λ and for different
time-scales. The mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and
(f). The initial state is the same as in Figure (1).
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Figure 4: The Λ function of the two-qubit system as a function of time for g = 0.5λ and for different
time-scales. The mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and
(f). The initial state is the same as in Figure (1).
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Figure 5: Quantum coherence of the two-qubit system as a function of time for g = 0.1λ and for different
time-scales. The mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and
(f). The initial state is the same as in Figure (1).
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Figure 6: Quantum coherence of the two-qubit system as a function of time for g = 0.5λ and for different
time-scales. The mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and
(f). The initial state is the same as in Figure (1).
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Figure 7: State purity of qubit 1 as a function of time for g = 0.1λ and for different time-scales. The
mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and (f). The initial
state is the same as in Figure (1).
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Figure 8: State purity of qubit 1 as a function of time for g = 0.5λ and for different time-scales. The
mean photon number of the field is n = 1 in (a), (b) and (c), and n = 10 in (d), (e) and (f). The initial
state is the same as in Figure (1).
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